Math 308 Midterm #2, Autumn 2017

Name:
ID#:
Signature:

All work on this exam is my own.

Instructions.

e You are allowed a calculator and notesheet (handwritten, two-sided). Hand in your
notesheet with your exam.

e Other notes, devices, etc are not allowed.

e Unless the problem says otherwise, show your work (including row operations if
you row-reduce a matrix) and/or explain your reasoning. You may refer to any
theorems, facts, etc, from class.

e All the questions can be solved using (at most) simple arithmetic. (If you find
yourself doing complicated calculations, there might be an easier solution...)

| /20
2 /25
3 /20
4 /20
5 /5

Good luck!




1 -1 4]100 1 -1 4|1 00
0 2 01]010~|0 1 0/030
-1 1 =3[0 0 1 0 0 1101
(1 -1 0]-3 0 —4
~10 1 00 3 0
0 0 1)1 0 1
'100—3%-4
~10 100 3 O
00 1)1 0 1
-3 1 -4
Therefore A= 0 1 0
1 0 1

Let L C R? be the line through the origin spanned by v =

W = =

Find linear equations that define L.
(That is, find a system of equations with solution set L.) [10 points]

Solution. Using the method from class, we need to find a basis for
null( [1 1 3] ), corresponding to the single equation a + b+ 3¢ = 0. This is in
echelon form already, with two free variables. So, setting free parameters b = t;
and ¢ = ty, the nullspace consists of vectors
-1 -3
5 - tl ]_ + tg 0
0 1
Finally, we interpret the two basis vectors as giving coefficients of equations in
x,1, z. So, the equations are
—T1 + T2 =0
—3.931 + 23 = 0.
Note that the vector v is a solution (and the solution set is L).



(2) Let T : R* — R3 be the transformation T'(X) = AX. The matrix A, and an echelon
form for A, are given below.

3 -2 -1 3 1017
A=|-1 1 1 2| ~1]0 1 2 9
0o 1 2 9 0000

(a) Is T is one-to-one? Is 7" onto? [5 points each]

Solution. (Many explanations possible)
T is not onto because the echelon form has a zero row (non-pivot row).
T is not one-to-one because the echelon form has non-pivot columns.

(b) Give a basis for row(A) and a basis for col(A). [5 points each]

Solution. For row(A), we take the nonzero rows of the echelon form:

1 0
basis for row(A) : { (1) : ; }
7 9

For col(A), we take the columns of A corresponding to pivot columns of the

echelon form:
3 -2
basis for col(A) : { —11,]1 }

0 1

(c) What is nullity(A)? [5 points]

Solution. By part (b), A has rank 2. By the rank-nullity theorem,
rank(A) + nullity(A) = 4, the number of columns of A. Therefore
nullity(A) = 2.



L1
(3) Let X = |xa| be the coefficients of a quadratic polynomial, f(t) = x; + xot + w3t>.
Z3

Let T : R® — R3 be the function defined by T'(X) = the coefficients of f'(t).

1 3
For example, T( 3 ) = 4|, because (14 3t + 2t*) = 3 + 4t.
2 0

(a) Find a 3 x 3 matrix A such that T'(X) = AX. (The entries in A should be
numbers. They should not involve ¢ or xy, g, x3.) [10 pts]

Solution. We can find the matrix by finding 7°(€;), T'(€2), T'(€3).

0
For T'(€;), the polynomial f(¢) =1, a constant, so f'(t) = 0 and T'(€;) = |0].
0
1
For T'(€;), the polynomial f(t) =t¢,so f'(t) =1and T(€;) = |0].
0
0
For T'(€;), the polynomial f(t) = 2, so f/(t) = 2t and T'(€;) = |2].
0

X.

Therefore T'(X) =

o O O

1
0
0

o N O

(b) Find a basis for ker(7). If X € ker(7"), what does that tell us in terms of the
polynomial f(¢)? (Hint: it’s a familiar fact from calculus.) [5 pts]

Solution. The kernel of T' (i.e. the nullspace of A) consists of the solutions to
the system of equations x5 = 0,2x3 = 0. So, 27 can be anything (it is a free

1 1
variable), so the solutions are X = s- [0, and a basis is just { [0] }.
0 0

In terms of the polynomial f(t), saying that X € ker(7) means that the
coefficients of f’(t) are all zero, that is, f'(¢) is the zero function. From
calculus, we know this happens only if f(¢) = ¢, a constant.

(c) In terms of the polynomial f(¢), what is the meaning of the transformation
S(X) = A?X? Explain in a sentence. [5 pts]

Solution. The transformation multiplies by A, then by A again. (That is, it
applies T twice in succession S(X) = A- A-X =T(T'(X)).) Therefore S(X) gives the
coefficients of the second derivative, f”(t).



(4) Let A, B be n x m matrices. Let S C R™ be the set

(a)

S ={xXeR": AX = BX}.
Show that S is a subspace of R™. [10 pts]
(You may use either the definition, or any theorems or facts from class.)
Solution. By definition, a vector X will be in S if and only if AX = BX. We
have to check the three conditions for S to be a subspace:
e Is 0 € S? Yes, because A0 = 0 = BO.
e If i,V € 5, does that guarantee U + vV € S? Yes, because
AU+ V) = Au+ AV
and this is equal to Bu + BV since both U,V € S. Therefore A(u + V) is
equal to B(u + V), which means that U4+ v € S.
e If i € S and r € R is a scalar, does that guarantee ru € S? Yes, because
A(rd) = rAd

and this is equal to rBu since u € S. Therefore A(ru) = B(ru), which
means that rd € S.

1 11 1 0 2
(Hint: S is the set of all X satisfying certain equations.)

Suppose A = {3 X 2} and B = {2 0 1}. Find a basis for S. [10 pts]

Solution.
We have to find the vectors X satisfying the equation AX = BX:

302 (T _[20 1] |7
111" T o0 2] |
I3 I3
We can solve this directly by writing out the two equations
3r1+ 223 = 2x1 + 23 and x1 + 19 + r3 = 11 + 273, then simplifying and solving.

Many students found a slightly nicer way to do this, by rearranging the
equation as AX — BX =0, or just (A — B)X =0:

T

1 0 1 =

[0 1 —1]' 2| =0.
T3

This is in echelon form, with free variable x3. After some algebra, we get
-1

R=t-|1],
1

-1
so a basis for S is just { 1 }
1



(5) (a) Suppose A, B, D are square matrices and A = B~'DB.
Simplify A* to show A¥ = B~'D¥B, where k is a positive integer.
(If you wish, you can set k = 3). [5 pts]

Solution. The important point in this problem is that matrix multiplication is
not commutative (AB # BA). So we can’t ‘distribute’ the exponent: (AB)? means
AB - AB, and this is not the same as A2B?, which is AABB. So, we have to write

out A3 the long way:

A* = (B'DB)* = (B'DB)(B~'DB)(B~'DB)
=B 'DBB'DBB'DB
=TI =]
— B 'DIDIDB
=B 'DDDB = B 'D?B.

(b) (43 bonus points)

[-2 —10] , [1 2 20 o
LetA—{2 7},3—[2 5] andD—{O 3].Note.A—B DB.

Using the formula in part (a), compute A%°'7.

(Hint: Note that D is diagonal.)

Solution. Note: it’s not possible to compute this with a calculator: the solution
involves 2217 and 32°'7 which are close to 1000 digits (32017 = (32)1008:5 ~ 1(1000),

We can only compute it algebraically.

5 =2

-2 1

First, we need B~ = 5%4 [_52 _12} - [

} using the formula for the

inverse of a 2 X 2 matrix.

Also, since D is diagonal, D*17 = [

22017 0
0 32017 .

Now we multiply the matrices:

2017 pe1m2017p | B —2] [227 0 1 2
AT =8P B‘_—z 1 0 307112 5
M 5. 22017 —9. 32017 1 2

= 9. 92017 32017 } [2 5]

5. 22017 — 4. 32017 10 - 22017 —10- 32017

—9. 22017 +2. 32017 4. 22017 +5. 32017

This is a closed expression for A%°!7: pretty surprising (and useful!), since it

would be quite difficult to directly compute

2 —10] [-2 —10 -2 —10 '
A2017:{2 7}.[2 7}....{2 7] (2017 times).



